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ABSTRACT
In this paper we characterize the pairs of weights (¥, w) for which the Hardy-
Littlewood maximal operator M satisfies a weak type integral inequality of the
form

*[;XER'iMﬂx)>A) = ¢(},)f & fDwdx,

with C independent of fand 4 > 0, where ¢ is an N-function. Moreover, for a
given weight w, a necessary and sufficient condition is found for the existence
of a positive weight u such that M satisfies an integral inequality as above.
Lastly, in the case ¥ = w, we notice that the conclusion of the extrapolation
theorem given by J. L. Rubio de Francia, which appeared in Am. J. Math. 106
(1984), can be strengthened to Orlicz spaces.

1. Introduction

Let M be the Hardy-Littlewood maximal operator defined by

(L.1) M) =sup — - f fldx  (FELL®Y),
where the supremum is taken over all cubes Q containing x and | Q] is the
Lebesgue measure of Q. (Cube will always mean a compact cubic interval with
nonempty interior.)

Our main aim is to study weak type integral inequalities with weights for M.
More exactly, we extend the result of Theorem 1 of B. Muckenhoupt in [8], for

Received August 11, 1987
95



96 D. GALLARDO Isr. J. Math.

L,(R), to the context of Orlicz spaces. Muckenhoupt’s result, extended to R”
(see Theorem IV-1.12 in [3]), asserts that, given p > 1 and u, w two weights on
R*, M is of weak type (p, p) with respect to the measures udx and wdx, that is,
there exists a positive constant C such that for every fE L._(R") and every A >0

f udxéCl””f | f|Pwdx
u{xER"Mf(x)>1} R

ifand only if (u, w) satisfies A,, that is, there is a constant K such that for every
cube Q we have

(1.2) (I—é—lfQudx>(Ié—|wi“"”“’dx)p_l§K.

By a weight on R" we mean a Lebesgue-measurable function with values in
[0, ). Sometimes, we shall write u(E) for [; udx.

In this paper we characterize the pairs of weights (1, w) on R” which satisfy
an integral inequality of the form

(1.3) u{xER":Mf(x)>/1}§£f o(| f)wdx,

o) Jr
where ¢ is an N-function. The characterizing condition is the natural
two-weight analogue of the A,condition introduced by R. Kerman and
A. Torchinsky [6] to characterize the one-weight strong type inequality for
Orlicz spaces. When (1.3) holds, for every f€ L} (R") and every 4 > 0, we shall
say that M is of weak type (¢, ¢) with respect to (u, w).

We also characterize the weights w for which there is a positive weight u such
that M is of weak type (¢, ¢) with respect to (¥, w) and we shall finish, in the
case ¥ = w, with an extrapolation result in the theory of weights.

Now, we shall present the basic definitions and results concerning N-
functions and Orlicz spaces which will be used in this paper.

An N-function is a continuous and convex function ¢ : [0, o) — R such that
Hs)>0,5>0, s '¢(s)—0 for s =0 and s~ '¢(s) — oo for s = .

An N-function ¢ has the representation ¢(s) = [§ ¢ where ¢: [0, 0)—R is
continuous from the right, non-decreasing such that ¢(s) >0, s > 0, (0) =0
and ¢(s)— o for s — o0. More precisely ¢ is the right derivate of ¢ and will be
called the density function of ¢.

Associated to ¢ we have the function p: [0, o)—R defined by p(¢t) =
sup{s : ¢(s) = ¢} which has the same aforementioned properties of 9. We will
call p the generalized inverse of p.
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We have ¢p(p(t)) = t,t = 0, and ¢(p(t) — ¢) = t for every positive reals f and
e such that p(t) —e =2 0.

The N-function y defined by w(t)= [ p is called the complementary
N-function of ¢. Thus, if ¢(s)=p~'s?, p>1, then w(t)=q 't? where
pg=p+q.

Young'’s inequality asserts that st < ¢(s) + w(¢) for s, ¢t Z 0, equality holding
ifand only if p(s —) =t = ¢(s) orelse p(t — ) = s = p(2).

An N-function ¢ is said to satisfy the A,-condition in [0, o) (or merely the
A,-condition) if sup,.¢ #(25)/¢(s) < . If ¢ is the density function of ¢, then ¢
satisfies A, if and only if there exists a constant a > 1 such that sp(s) < a¢(s),
s > 0. The A,-condition for ¢ does not transfer necessarily to the complemen-
tary N-function. The latter satisfies the A,-condition if and only if there exists a
constant f > 1 such that f¢(s) <sp(s), s > 0.

If (X, #,u) is a o-finite measure space we denote by It the space of .#-
measurable and u-a.e. finite functions from X to R (or to C). If ¢ is an N-
function the Orlicz spaces L,(u)=Ly(X, #,p)and L} (u)=L}(X, #, 1) are
defined by

L¢(ﬂ)={f6932:fx¢(lf|)d# <00}

and

L¥u)={feM: fg€L(u)forallgeL,},

where  is the complementary N-function of ¢.

When i = wdx for a weight w on R” we write Ly(w) for Ly(u).

We have L,(#) C L}(u) and if ¢ satisfies A,, then L,(u) = L¥(u).

The Orlicz space L}(u) is a Banach space with the norms || f|l,=
sup{[x| /2 |du: g €S, }, where S, = (€L, : fxw(|g|du =1}, and | f |l =
inf{A>0: [y @A~ f])du = 1}, which are called the Orlicz norm and the
Luxemburg norm, respectively. Both norms are equivalent, actually || f|| =

L 1e=21f llo- |

Holder'’s inequality asserts that for every f€ L}(u) and every g € L}(u) we
have || 2 |li = || flig Il 8 Iy, Where ¢ and y are complementary N-functions.

If ¢(s) = s with p > 1, then, L}(u)=L,(u)=L,(u), | flle= I fII, and

Iglly= N8 ll,, where pg =p +g.
The proofs of above-mentioned results can be found in [7] or in IV-13 of [9].
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2. The weak type and the 4,-condition

DErINITION 2.1. Let ¢ be the density function of the N-function ¢, p the
generalized-inverse of ¢ and let # and w be weights on X. We shall say that the
pair (u, w) satisfies the A,-condition, or that it belongs to the A -class, if there
exists a positive constant C such that for every cube Q and every positive real ¢

(2.2) (éT fg eudx) 17 (é fQ p(l/sw)dx) =C.

If for some cube Q, [, p(1/ew) = oo we assume that (2.2) holds if [, udx = 0;
therefore, if u is not identically null (2.2) shows that w(x) > 0 for almost every
x €R". In the same way, if for some cube Q, [, udx = oo we assume that (2.2)
holds if |, p(1/ew) = 0 for every & > 0, which implies that if (u, w) satisfies 4,
then u is locally integrable.

In the case ¢(s) = p~'s?, p > 1, (2.1) gives the classical 4,-condition since
in this situation & does not take part in (2.2) (p is multiplicative and moreover
it is the inverse of ¢) and thus (2.2) reduces to (1.2).

If ¢ satisfies the A,-condition, then, every pair (u, w) of the A,-class is in the
Ag-class. (We recall that (u, w) belongs to 4;-class if there is a constant K such
that Mu < Kwa.e.)

In fact, if (u, w)E€ A4, there is a constant K such that for every cube Q

IQI“f udx = K essinf w(x).
Q x€Q

Let Q be such that 4u(Q) > 0 and let § = ess inf{w(x) : x EQ}. We have
(117 f ut) o (1217 [ ptrrowydz) = opK pioiap).

On the other hand, since ¢ satisfies A,, there exists a > 0 such that ¢(25) =
a¢(s) and sp(s) = a@(s) for every s = 0; therefore, there exists o > 0 such that
9(2s) = ap(s), s =0, hence for every ¢t >0 and ¢>0 such that p(¢) =
2(p(t) —¢) we have

p(p(1) = p2(p(t) — €)) < ap(p(t) — &) S at.

Hence, it follows that (2.2) holds with C = oK.

When (w, w) belongs to the A,-class we shall say, merely, that w satisfies 4,
(this is the terminology introduced in [6]).

In what follows we shall always assume that ¢, together with its com-
plementary N-function, satisfy the A,-condition. Examples of N-functions in
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this situation are (among others): ¢,(s) = s”, p > 1; ¢5(s) = s°(1 + log(1 + s)),
p>1; oy(s)=s7(1 +1og* s), p>1; ¢4(s)= {5 p where p: [0, 0)—[0, ) is
defined by p(0)=0, p(t)=2""if t€[2",27"*!) and p(t)=2""" if tE
[27~1, 2™), n a positive integer.

The condition 4, characterizes the pairs of weights (u, w) for which the
Hardy-Littlewood maximal operator M is of weak type (¢, ¢) with respect to
the measures w dx and u dx; more precisely:

THEOREM 2.3. Let u and w be weights on R". The following conditions are
equivalent:
(a) There exists C such that for every f€ L. (R") and every A >0

u{xER": Mf(x)>l}<@f &1 f1)wadx.

(b) There exists C such that for every f€ L. (R") and every cube Q

04 o7 [ 1nasjueysc [ a1simas

(c) The pair (u, w) satisfies A,.

NoTe. We use the convention that C denotes an absolute positive constant
which may change from line to line.

PROOF
ProoF OF (a)=>(c). It suffices to prove that for every cube Q we have

2.5) (lQi"fQudx)e’(IQl" fop(lfw)dx)éc,

with C depending only on ¢ and the constant of condition (a).

Since we assume that ¢ and its complementary N-function y satisfy the
A,-condition, there exists a constant a > 1 such that s¢(s) = a¢(s) and sp(s) =
ay(s) for every s 2 0.

If u(x) = 0 a.e., then (2.5) is obvious and otherwise (a) implies that w(x) >0
a.e. Let Q be a cube such that u(Q) > 0; then, the function w~'x, belongs to
L,(w) since otherwise we would have that there is gEL,(w) such that
gw ™ 'xo & L\(w) and consequently Mg(x) = oo for every x € Q, which implies
that

u(Q)<hm@f¢(|g|)wdx 0.
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Therefore 0 < {, p(1/Ww)dx = a [z w(w ~'yg)wdx < oo and hence p(w ~'x,) =
p(1/w)x, belongs to Ly (R"). (Moreover p(w~'xo) € Ly(w), since ¢(p(s)) =
sp(s) — w(s) = (@ — 1)y(s).) It follows from (a), taking f=p(w~'xz) and A =
Q| fop(1/w)dx, that

o101 [ pamix)u@yzc [ stptw trhmaxsc | pamas

and thus we get (2.5) with constant aC.

PROOF OF (¢)=(b). Let Q be a cube such that u(Q) >0, €L} (R")and let
¢>0. The A, condition implies that (ew) 'xo,EL,(ew) and then, using
Holder’s inequality, we have

2.6) f 1185 =2 ftg g 1 @) 22 lirer

where the norms used are those of Luxemburg with respect to the measure
ewdx.
On the other hand, for every 1 > 0 we get

[ vt qewds = | 1-p(Gew) v 51710 1p(CQUA@) ™),

where C is a constant in the A -condition for (u,w). Therefore, for
A=C|Ql¢'(1/eu(Q)) and taking into account that s =<¢~!'(s)y~'(s),
s = 0, we have

-1 < 1 :
J;n w((Aew) xQ)gw dx = CQ)"(I/&IJ(Q)) P (gu(Q)(b_l(l/Eu(Q)))
LT
=aC 8”(Q)“’(¢-'(1/su(Q))

=aC™,

where o > 1 is such that sp(s) = ay(s), s = 0. We may assume that C = « and
therefore

I W) ™" 20 Nlyew = C1Q 16 '(1/eu(Q)).

Now, it follows from (2.6) that

101~ fQ | f1dx =2C¢ =" (1/eu(Q) || fito l@pem-
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Then, taking ¢ =&(f, Q) = (Jo&(| f1)wdx)~" we have || fio llger =1 and,
since C does not depend on f, @ and ¢, we have

o J e sace s (= | aisimas).

whence (2.4) follows, taking into account that ¢ is increasing and satisfies A,.

ProoF oF (b)=(a). The proof of this implication is easy using an
appropriate covering theorem. We shall use a Besicovitch type covering
theorem (see Theorem 1.1 in [4]).

Let N be a positive integer and My the truncated maximal operator de-
fined by

Myf(X)=  sup f |f1dx
se@sn 10|
where §(Q) is the diameter of Q.

For >0 and fELL (R") let A,y = {xER": My f(x)>A}. For every
X €A, y there is a cube Q(x), centered at x, such that | Q(x)|™! [o| fldx >
a,’, where the constant a, >0 only depends on the dimension n. Since
sup{d(Q(x)), x EA4; y} < 0, we can choose from {Q(x), x €A, 5} a sequence
{ O} (possibly finite) such that

Al - LkJ Qka 2 Z@ é CBXUgQu
k
where C, only depends on 7.

Thus, (b) shows that
u{xER": Mfix)>21}= },irn u{d; x)

where C depends only on 7, ¢ and the constant in condition (b), which proves
(a). Thus, the proof is complete.

REMARKs. The equivalence (b) < (c) gives some interesting consequences:
(1) If there exists a positive weight u, such that (u, w) satisfies 4,, then,
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L, (w) C L) (R"), where L, ,.(w) denotes the set of functions f such that
fo &1 f1)wdx < oo for all cubes Q.

(2) Given two weights u and w, with u locally integrable and positive, we
can consider the maximal operator M, , defined by

uw = - dx
flx) = sup (Q)f'f'w

Then, if (u, w) satisfies A;, with u positive, there exists a constant C such that

Mf=Co~'(M, . (1 /1)),

which generalizes the known inequality Mf < C(M,,, | fIP)"?, 1 < p < 0.

(3) We say that a pair of weights (u, w) satisfies the doubling condition if
there exists a constant C such that for every cube Q we have that u(2Q) =
Cw(Q), where 2(Q is the double of Q. Taking f= x, and 2Q instead of Q in
(2.4) we get that the A,-condition implies the doubling condition.

Now, our problem is to determine those weights w for which there exists a
weight ¥ > 0 such that M is of weak type (@, ¢) with respect to (1, w). Using
Theorem 2.3 we obtain the following result:

THEOREM 2.7. Given a weight w on R", there exists a weight u > 0 such
that M is of weak type (¢, ) with respect to (u, w) if and only if for every cube I
the following two conditions are satisfied.

(i) For almost every x ER",

1
sup sup &g <@ f Qp((ew)“x,)dx) < o0,

e>0 x€Q

. 1
(i) sup sup &g (— f p((el1Q| W)“‘)dx> < oc0.
>0 IcQ 1@ Ve
PrOOF. Assume that there is ¥ > 0 such that M is of weak type (¢, ¢) with
respect to (#, w) and let I be a cube. Then, w is positive, u is locally integrable
and

1 1
Sup sup € — ¢ < f p(l/sw)dx)é Clu(l) < o0,
e>0 1cog | Q| Q| Je
where C is an A,-constant for (¥, w), which implies easily (ii).
Since u € L. (R") Lebesgue’s differentiation theorem asserts that, for almost
every x ER",
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! fudx
k=~ || Jo

u(x)=lim

for cubes Q, containing x and such that d(Q,) — 0. Therefore, for almost every
X there exist positive reals a(x) and #(x) such that for every ¢ > 0 and every
cube @, with |Q| = a(x) and x EQ,

2.8) 6¢<IQ|“ [ Qp(x,/ew)dx)é CIB).

Let Q,(x) be the cube centered at x with |Q,(x)| = a(x) and let I’ be a
dilation of I such that | Q,(x) N I’| > 0. Then, for every ¢ > 0 and every cube
Q*(x), centered at x with |Q*(x) N I| >0 and | Q*(x)| > a(x), we have

o (101 [ ptulewidx) s CIE1u@0) A 1,

Therefore, there exists a constant C;(x) > 0 such that for every ¢ > 0 and every
cube QO containing x with |Q| > a(x)

2.9) w(ior | Qp(x,/ew)dx)é Cix).

Thus, condition (i) follows from (2.8) and (2.9).
Now, suppose that conditions (i) and (ii) are satisfied for every cube /. For a
fixed I, let 21 be the double of I and u; the function defined by

1 -1

u(x) = x(x) (sup sup &p (——— f p(XZI/EW)dx)) .
e>0 x€Q IQ l Q

It follows from (i) that ¥;(x) >0 a.e. x €1. It suffices to prove that (y;, w)

satisfies 4,, since decomposing R" into a mesh of cubes I;, whose interiors are

disjoint, and taking

u(x)= % 27°C; ' uy(x),
j=1
where the C;’s are A,-constants for (u;,, w), we get that (u, w) satisfies 4, and
moreover #(x) >0 for a.e. xER".
We have that there exists o> 1 such that ¢(s) = sp(s) = ag(s) and ¢(2s) <
ag(s), s = 0 which, with the convexity of ¢, implies the existence of a constant

C such that ¢(s + ) = C(p(s) + ¢(2)) for every s, = 0. Therefore, given a
cube Q and ¢ > 0 we obtain
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(IQI“fosuldx>¢(lQ1“fop(l/gw)dx)

(2.10) = C(l +(IQ|‘I stu,dx)w(lQl_‘ fa_”p(l/ew)dx».

IfQissuchthat g NI=F orif QNI+ & with |Q| <27"|I|, then

(|Q|—1 stu,dx>¢(|Q|“ pr(l/ew)dx)é C.

LetQbesuchthat Q NI+ & and |Q| = 2" |1|. In this situation we have

2.11) [ wax=in ((p(]ZII“LIP(Ilw)dx»-n

and

sIQI_l(P(I Q! fQ_Np(llew)dx>

(2.12) §2"8C|2QI"¢(|2QI"LQP(I/aw)d’C)’

where C is a constant that depends only on ¢.
On the other hand, it follows from (ii) that there is a constant C(J) such that
for every ¢ >0 and every cube @’ D 1

@.13) 1019 (1017 [ pttiowya) = o

Since 2Q D I the A,~condition for (;, w) follows from (2.10), (2.11), (2.12)
and (2.13). Thus, the proof is complete.

In the case ¢(s) =57, 1 < p < o0, condition (i) of Theorem 2.7 reduces to
saying that, for every cube I, M(w~"?~ Dy )(x) < oo for a.e. x ER", which is
equivalent to w~»~D being locally integrable, since M is of weak type (1, 1)
with respect to Lebesgue-measure. On the other hand, (ii) is equivalent to
sup;co| Q179 fow™¥?dx < oo holding for every cube I, where g is the con-
jugate to p. In this way we obtain as a Corollary a result given by J. L. Rubio de
Francia in [10]. Precisely

COROLLARY 2.14. Given p, with 1 < p < o, and a weight w on R", there
exists a weight u > 0 such that M is of weak type ( p, p) with respect to (u, w) if
and only if w=? is locally integrable and for every cube I
sup |Q|“'f wYPdx < o0,

0

IcQ
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where q is the conjugate to p and the supremum is taken over cubes Q.

Lastly, in the case ¥ = w, we notice that the conclusion of the extrapolation
theorem, in the theory of 4,-weights, given by J. L. Rubio de Francia in [11]
can be easily strengthened to Orlicz spaces. Exactly, Rubio de Francia proves
the following:

(2.15) Let T be a sublinear operator defined on a class of measurable
SJunctions inR". Let | = p* <o and 1 < p < . Suppose that T is bounded in
LP*(w) (respectively of weak type ( p*, p*) with respect to w) for every weight
w EA,., with a norm that depends only upon the A,. constant for w. Then, for
every wEA,, T is bounded in L?(w) (respectively T is of weak type (p, p) with
respect to w), with a norm that depends only upon the A,-constant for w. (As a
corollary of this result it can be deduced that the boundedness of T in L?(w)
can be obtained from the weak type ( p*, p*).)

Another proof of the result stated above is given by J. Garcia-Cuerva in [2].
Now, our result is the following:

THEOREM 2.16 (Extrapolation theorem). Let T be a sublinear operator
defined on a class of Lebesgue-measurable functions in R". Suppose that for
some p*, with 1 = p* < oo, T satisfies

WIXERI TN >4 SC [ ISPl (FELL®),A>0)
R'l
Jor every weight w € A,., where C depends only on the A,.-constant for w. Then,

Jor every N-function ¢ (which satisfies, together with its complementary N-
Sfunction, the A,-condition) we have

[ otimrmausc [ sifimds  (reLL@®))
R R

Jor every w E A, with the constant C depending only on the A,-constant for w.

After Theorem 2.16 the results in [1] and [5] (see also IV-3 in [3]) for the
maximal Hilbert transform and other singular integral operators extend
trivially to Orlicz spaces.

PROOF OF THEOREM 2.16. Take an N-function ¢ and let a4 and S, be the
upper and lower indices given by
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a,= lim —log hy(s)/logs = 0inf —log hy(s)/log s,
<s<l1

s—0*t

B = lim —log h,(s)/log s = sup —log h,(s)/log s,

s>1

where
hy(s) = sup (6~ ()~ "(s1)).

We have that 0 =, = a, < 1. On the other hand, #,> 0 if ¢ satisfies the
A,-condition, since given a > 1 such that s¢(s) <a¢(s), s >0, the function
s — 5 %s) decreases strictly for s >0, which is equivalent to ¢~ '(st)>
s'g=1(t) for every s > 1, t >0, and thus 8,>a"'. Likewise, a, <1 if the
complementary N-function of ¢ satisfies A,, since in this case there exists b > 1
such that b¢(s) <sp(s), s >0, and, then, o, =b~'. Wecallg,=a,'>1and
Py =By ' < oo the lower and upper exponents of ¢, respectively.

In [6] it is proved that w is in the Ay class if and only if w is in the A,-class,
where p = q,. Therefore, if w €4, then w E 4, for some r such that 1 <r <g,
(see Theorem IV-2.6 in [3]); r and the A, -constant for w depend only on the
A,-constant for w. On the other hand, w € 4, for every s > r. Thus, it follows
from (2.15) that T is simultaneous of weak type (r, r) and (s, s) with respect to
the measure wdx, where s is such that p, <s < co, with constants which
depend only on the 4,-constant for w. Then, the proof is complete taking into
account the following interpolation theorem:

THEOREM 2.17. Let (X, .#,u) and (Y, F,v) be two o-finite measure
spaces, ¢ an N-function satisfying, together with its complementary N-func-
tion, the Aycondition and q,, p, the lower and upper exponents of ¢. Let
T:L,+ L,—~M(Y) be a quasi-additive operator which is simultaneously of
weak type (r,r) and (s, s) where 1 =r <gq,, p,<5 < 0. Then, T maps L,(1)
into L,(v) and there exists a constant C, which depends only on the ¢ and the
constants for weak types (r, r) and (s, s), such that

(2.18) [ s sc fx¢(lf|)du (fEL,(n)).

Theorem 2.17 seems to be included in some general interpolation results
(see e.g. [12]). For the sake of completeness we include a simple and direct
proof.

PrOOF OF THEOREM 2.17. It follows easily from the definition of g, and the
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A,-condition of ¢ that if 0 < p <g, there exists a constant K such that
Mut) < KuPg(t) foreveryt = 0and 0 = u = 1. Likewise, if p;, < g < oo there is
a constant 4 such that ¢(ut) =< Au?¢(t) foreveryt =Z0and u = 1.

Given fE€L,(u) and A>0 let f=f, + f* where f, = f{zy and B(A)=
{xEX:|fix)| >A}.1f 1 =r <gq,and p,<s < oo we have that f; €L,(u) and

SrEL(w).
By hypothesis we have that there is a constant C such that

V(yEY:[Tg(y)| >4} = Cl"fx igI'du,

v{y€EY:|Th(y)| > A} _S_C).'Sf | A |*du
X

and |T(g +h)| =C(|Tg| + |Th)) for every gEL,(u), hEL,(u) and A > 0.
Hence

[ satrpan= [ pawiyer ) >
gfow PG (Y EY:| TH()| > A/2C}dA
+f0°° AW (Y E Y| TF(y)| > 4/2C)dA
| fx)|
svee [ gor( [ 1) duco
sS4+l s ® =S5
sren [ (7 e duc,

where X’ = {x € X:| f{x)| > 0}.
On the other hand, if x € X’ and pand gare such that r < p <¢,,p,<q <s
we have

1) /)|
[ 1@k [ 2-Gn a0) 00 S D

=K e o
p—r
and

o oA
f A=5pA)dh < —— | O 9 SO,
LA §—dq
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where a>1 is such that sp(s) <a@g(s), s >0. Thus, we obtain (2.18) with
constant a( p —r) "'2'C" 'K + afs — q) ~'2°C**4.

The case s = oo follows trivially from the preceding using the well-known
Marcinkiewicz’s interpolation theorem or else it may be obtained by a simple
direct proof.
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